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Abstract. In this paper, we study the generic behavior of the solutions to a 
large class of evolution equations. The Schrodinger evolution is considered as 
an application. 



In this paper, we develop methods to control the generic behavior of solutions 
to various evolution equations. The word "generic" will refer to the "coupling 
constant" that appears in front of the diagonal operator (a differential operator 
in most applications) which is perturbed by a potential. We were motivated by 
recent results where the behavior of Sobolev norms was studied for various evolution 
equations O [9l [11] . The general situation of fixed coupling constant was studied 
in many papers (e.g., [8] and references therein). 

The structure of the paper is as follows. In the first section, we prove simple 
results for the "typical" behavior of solutions to 2 x 2 system of differential equations 
which preserve H?' norm of the initial value in Cauchy problem. The section 2 deals 
with "integrable" case when the transport equation is considered on the circle. In 
section 3, we prove results similar to those in section 1 but for the general N x N 
systems. The section 4 contains the applications of these results to evolution in 
Hilbert spaces, e.g., the non-stationary Schrodinger equation. In the last section, 
we consider the most difficult case when the so-called "gap condition" deteriorates in 
time. We handle only the short-range case, the general situation is far more difficult 
and will be considered elsewhere. The paper is concluded with Appendix which 
contains some well-known results we use in the main text. The first two sections 
and Appendix have mostly pedagogical value, the main results are in sections 3 
and 5. 

In the text, we will use the following notations: for /i(2) > 0, /i < /2 means 
there is a constant C so that /i < C/2. The symbols ej will denote the standard 
basis vectors in C^. 



1. The model case of 2 x 2 system 



We start this section with the following model system of two ODEs. 



Xt 



i{A + V{t))X, X{0) = I 



(1) 



where 



A 



Ai 
A2 



•2 



Ai(2) e R 



(2) 
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V{t) 



0, t 



oo 



and Hermitian V{t) 

Vll{t) Vi2{t) 
Vl2{t) V22{t) 

in some way to be specified below. Notice that X{t) is unitary in this setting. The 
standard problem to address is, of course, the long-time asymptotics of X(t). In 
the case of strong decay, i.e. when V{t) G L^(M+), X{t) has a limit as can be easily 
seen from iteration of the corresponding integral equations. Take 

X = UY 

where 



U = 



exp 



iXit + i J wii (t)c?t 









exp 





t 

iX2t + i J V22{T)dT 




qit) 

m 



y, r(o)-J 



(3) 



i{X2-Xl)T + i I {v22{t) - Vii{T))d7 



That reduces the problem to 
with 

q{t) = vi2{t) exp 



and it decay as fast as vi2. Does Y{t) have a limit as i — > ool Clearly, for 
q(t) G the answer is yes but already for q{t) G L^'(R+), p> 1 this is not 

the case in general. Indeed, take q{t) = ie on t E [0, e^^]. Then, on that interval, 

cos(et) — sin(ei) 
sin(ei) cos(ei) 



a rotation by et. Clearly, ||(7||li[o., 



1 but 



Therefore, by 



taking q{t) = e„,e„ — > on consecutive intervals, we can arrange for q to be in 
LP(R+) but the solution has no limit. In the meantime, we will see that it makes 
sense to talk about the following problem: let Ai = 0, A2 = fc, vn = V22 = and 
U12 = q{t)- Thus, 

q{t) ' 
m k 

and we will study the asymptotics for generic frequency k. As the discrete version 
of (|4]) one might consider the following recursion 



Xt^i 



X, X{0) = I 



(4) 



X. 



n+1 



^1/2 



1 In 




' z " 


-7« 1 




1 



Xoiz) 



1-2x2, 



Xn{z) 

1 + |7«P 



This is different from the recursion for polynomials orthogonal on the circle [lOj 
only by sign " in front of 7„ and by slightly different formula for p„. 
Remark 1. The simple calculation shows that 



X{t,k) 
for real k. 



xii(t,k) xi2{t,k) 

X2l{t,k) X22{t,k) 



xii{t, k) 



Xi2{t,k) 



-e'^*xi2{t,k) 



e^^*xii{t,k) 
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Open problem. Is it true that for q{t) E L^(M+) and Lebesgue a.e. k £ M., 
the hmit lim X{t,k) exists? If so, how do the points of convergence correspond 

t — >QO 

to frequencies k for which [Mq](k) < oo, where Mq is the Carleson-Hunt maximal 
function? 

The similar problem is known for the Krein systems [4] 

ik q(t) 
q(t) 

In this case, though, the solution Z is J-unitary, with 

1 

-1 



Z(0)=/, fee 



J = 



We will consider (|4]) and will prove a simple result which has an analog in the 
theory of Krein systems (the so-called Szego case) which gives a somewhat weaker 
type of convergence. That will be a warm-up for a later discussion of the general 
case. Consider the first column {xii{t,k),X2i{t,k)Y of X{t,k). The functions 
3^11(21) (^7 are holomorphic in k and have the following properties for any fixed t. 

Lemma 1.1. For any locally integrable q{t), we have 

t 

(a) \xii{t,k)\^ + \x2i{t,k)\^ = l-2lmk [ \x2i{T,k)\^dT, fceC 



(b) 1x11(21) (i, < 1, keC+, and \\x2i{t,k)\\2<{21rak)-^/^ fork eC+. 
Proof. This is a direct corollary of the differential equations. □ 
Assuming, in addition, that q{t) is square summable, we get 

Lemma 1.2. If q{t) e L'^{R+), then 

(a) xii{t, k) — > a;ii(cxD, k), X2i{t, fc) ^ uniformly on compacts in 

(b) |xii(t,fc)| >l-(Imfc)-i|iq||i, \\x2i{t,k)\\2<\\qUluvkr\ k e C+ 

(c) The function a;ii(cxD, k) is nonzero function in the unit ball in iJ°°(C+) and 
xii{k,t) — > xii{oo,k) in the weak-* sense on R 

(d) The following estimates hold 

t 



ln|a;ii(t,fc)|dfc > -vr j \q{T)\^dT 
m 



(5) 



0> y (|xii((X),fc)| - l)dfc > y ln|a;ii(oo,fc)|dfc > -TT j \q{T)ydT (6) 

R R 

(e) We have 

[1 - a;ii(oo,fc)]^i,„(]g) < ||q|]2, \\l - a;ii(oo, fc)||ip(K) < C{p)\\q\\y^, I < p < cg 

(7) 

Proof. If X2i — e**^*?/, then we have the following integral equations 
t t 

Xii{t, k) = l + i j q{T)e''''^y{T, k)dT, y{t, k) = i J q{T)e~''^'' xnlj, k)dT 
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Therefore, 

t ri 

xi^{t,k) = 1 - I q(Ti)e'''^' J q{T2)e-'''^-Xn{T2,k)dT2dn (8) 


Due to the estimate |xii(t, fc)| < 1 and Young's inequaUty, the norm of the 
integrand in ti is smaher than ||(7||2(Im That implies the uniform convergence 

on compacts of and the bound from below for xn. The representation 

t 



X2i{t, k) = ie'"* J q{T)e-"'^Xu{T, k)dT 



gives uniform convergence to zero for X2i{t,k) and the estimate on its norm. 
The function xii(cx), k) is obviously in the unit ball of iJ°°(C^) and is nonzero due 
to the estimate from below. Since xii{t,k){k + i)~^,xii{oo,k){k + i)^^ are both 
uniformly bounded in H'^{C~^) and 

xii{t, k){k + i)-'^ -> xii{k){k + i)-^ 

as t oo uniformly on the compacts in C+ , we have 

Xii{t, k){k + i)^^ —> 2:11(00, k){k + i)^^ 

weakly in i/^(C+). Thus, we have the weak-* convergence of a:ii(i, k) to xii(cxd, k) 
on M. 

Let us prove estimates in (d) now. Iterate ^ once and take the first term (the 
second allows stronger estimate) 

t ri 

g(Ti)e''="i /g(r2)e-^^-"^dT2dri = i [ \qtH\^{uJ + k)~^du 



by Plancherel, where qt{i-u) is the Fourier transform of q{T) ■ X[o.t] (t)- Therefore, we 
have 

t 

xii{t,k) = l-ik-^ [ \q{T)\^dT + o{{Imk)-^) 



as Imfc —>■ +00. The function In |a;ii(t, k)\ is subharmonic in so 

/f^^^-^i^ds>ln|xii(t,fc)|, k = x + iy 

Since In |a;ii(t, s)\ < 0, we can take k ^ iy,y 00 and compare the first terms in 
asymptotics of l.h.s. and r.h.s. to get The estimates for a;ii(oo,A:) are deduced 
similarly. 

Let us prove (e). Writing xii{oo,k) = 1 + h{k) yields 2Keh < —\h\'^ since 
[a^iil < 1 and 

y fReh{t) 



Reh{iy) j 

Taking ?/ — > +00, we get 



rdt 



t^ + y"^ 

[ Reh{t)dt = -IT [ |9(r)pdT, Reh{t)<0, \h{t)\ < 2 

JR Jo 
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(this we might call the "trace formula" for our evolution). Therefore, we have 

Wli,™(K) ^ II9II2 

and 

\\h\\L.m<CXp)\\q\\l^\ l<p<cx) 
by interpolation. □ 

In a similar way, one can show that xi2{t,k) has a limit in which we will 
denote by xi2{oo, k). This, of course, implies that xi2{t,k) — + a;i2(oo,fc) in the 
weak-* sense on the real line. In the next lemma, we will improve the convergence 
result. 

Lemma 1.3. If q{t) e L^{R+), then for any j = 1, 2, 

J \xij{t, k) — xij{oo, k)\'^dk ^ 0, f — > 00 

Proof. Take arbitrary ti < t2 and notice that we have the following semigroup 
property 

X{h,t2,k)Xih,k)^Xit2,k) 

Hence, 

Xij{t2, k) - xij{ti,k) = {xii{ti,t2,k) - l)xij{ti,k) + Xi2{ti,t2, k)x2j{ti, k) 
By 0, 

||a;ii(ii,i2,fc)-l||2^0 

as ^1(2) ~^ 00 and 

1x12(^1, i2,fc)|' - 1- |a;ii(ti,t2,A:)P < -2 In |a;n(ti, ta, /c)| 

So, \\xi2{ti,t2,k)\\2 ^ by Thus, xij{t,k) is Caucliy in and must have 

the limit which will coincide with weak-* limit xij(oo, fc). 

□ 

Remark 2. By Remark 1, e^^''*X2i{t, k) and e^*'^*X22(i, fc) — 1 have limits in 
i^(M). They are in fact related to boundary values of H°°{C~) functions. Notice 
that 

|a;ii(oo, -I- |a;2i(oo, fc)p = 1, for a.e. keR 
as follows from the a.e. convergence over some subsequence. 

2. The transport equation on the circle 

Another model very important for us is the transport equation. Consider 

ut — kux + q{t,x)u (9) 

with the simplest initial condition u{0,x) = 1. We can either say that x G T or 
a; G R but all functions are 27r-periodic in x. 

Notice that on the Fourier side, this equation is 

ut — —ikDu + q(t) * u, u{0, n) = So 
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where D is diagonal: {Dg)n — ng{n) in £^(Z). We will work under the assumption 
that 



q{t,{)) = / q{t,x)dx = 



(10) 



There is no any loss of generality since we can always satisfy this condition by 
subtracting q(t,0)I which corresponds to unimodular factor for u{t,x). 

Remark 3. Let -P{o,i} be the Fourier projection onto the zeroth and the first 
modes, P^g — I — P{q,i}- Then, 

iP{OA}u)t = A:(P{oa}u)x + {P{o,i}qP{Q,i}){P{aA}u) + P{o,i}9-P{o,i}" 

Notice that if one drops the third term in the r.h.s., then the equation becomes 
equivalent to the model considered in the previous section. 

Of course, the solution to ([9]) can be written explicitly. After periodization, we 
have 



u{t, X, k) — exp 



(/(r, X + k{t — T))dT 



If, e.g., g, qx € C(M"'', T), then this is the classical solution. The meaningful question 
is to study the asymptotics of u{t,x — kt) or, rather, 

t 

(j){t,x,k)— J q{T,x — kT)dT 


On the Fourier side (with respect to x coordinate). 



(j){t, n, k) = 



inrk - 



g(r, n)dT 



and 



0(t,O,/c) = O, t>0 
due to assumption (fTU]) . We have the following 

Lemma 2.1. Ifq{t,x) G L2(M+,T) and / q{t,x)dx = 0, then 

Jt 

1. There is <j){oo,x,k) such that 

\4>{t, x, k) — 0(oo, X, fc)|l^i/2(T)<^^ ~^ 



t^ oo 



as t ^ oo. 
2. For a.e. k, 

\\(l){t,x,k) ~ (/)(cx3, a::,A:)|l^i/2(T) - 
Proof. The proof is a trivial calculation. We have 

|2 M 



EH 

n/0 



l(/)(t,a;,fc)||^i/2(T)C 



^ q{T, n)dT 



dk = (27r)^ / dx / \qiT,x)\^dT 
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by Plancherel. If (f>{oo,x,k) is defined as function on T x M having Fourier coeffi- 
cients 



then we easily have the first statement of the lemma. 

For the second part, it is sufficient to show that for a.e. k we have 

2 



e*"'^ g(r, n)dT 



0, ii(2) — > +00 



since then the convergence will follow from the Cauchy criterion. Let us introduce 



hra(t, fc) = 



sup 

Ti,T2>t 



We have 

and hm{t, k) is decreasing in t (if it exists). Moreover, 



j hra{t,k)dk^^\n\ j 



oo 


/ 




/ 


sup 


/ 




ri,T2>t 




-oo 


v 





e™^'^g(r, n)dT 



dk 



oo 


/ 


/ 


sup 




Ti,T2>t 


-oo 


V 



oo 







Here we used the standard Carleson estimate for the maximal function Since 
hm{t, k) is monotonic, we have hm{t, fc) — » for a.e. k. □ 

We get the following simple corollary 

Corollary 2.1. If q{t,x) e i^(R+,T) and / q{t,x)dx = 0, then for a.e. k we 

Jt 

have u(t, x — kt, k) ~t v{x^ k) in the following sense 

\\u{t, X — kt, k) — iy{x, A;)||^2(T) ~* 0, t ^ oo 

If we also have q{t,x) G iK, then for a.e. k there is v{x,k) £ II^^^{T) such that 

\\u{t, X — kt, k) ~ v{x, k)\\'^^i/2^Y) t oo 

Proof. We know for a.e. k the limit (/'(oo, x, k) exists as a function in _ff^/^(T). All 
other statements follow from Lemmas 16.11 16.21 in Appendix. □ 



(11) 



Remark 4. Similarly, one can show 

\\u{t,x — tk,k) ~ v{x, fc)||^i/2^.][.-)(ifc 0, 



8 



SERGEY A. DENISOV 



provided that q G iR. It follows from lemma[621 estimates on the maximal function, 
and dominated convergence theorem. Moreover, for a.e. fc, all Fourier coefficients 
of u(t, X — kt, k) converge as i — > oo regardless of whether q is purely imaginary or 
not. 

Remark 5. We considered the simplest case of initial data, i.e. u{Q,x,k) = 1. 
The general case m(0, x, k) — f{x) is almost identical due to multiplicative structure 
of the problem. If the potential is square summable and purely imaginary, then we 
have the full measure set of k (that depends only on q) for which the equation is 
globally well-posed for / in the Krein algebra L°°(T) n H^^^{T) [2]. We also have 
the stability and the asymptotics at infinity. 



There is an instructive case q{t,x) = 2q{t)cosx with q{t) - purely imaginary 
square summable on R. In this situation. 



where 



i^{x, k) = exp {e~'''q{k) - e"q{k)^ 



q{k) = / e'''^q{T)dT 



(12) 



Notice that for a.e. k the function i'{x, k) is infinitely smooth. Moreover, expanding 
into the Taylor series, 



v(x,k)dx = H{\q{k)\) 



with 



Notice that since the Bessel function Jo(z) has positive zeroes ([T|, Chapter 9), it 
is possible to choose q such that 



£'(0, fc) = / :y{x,k)dx = 
Jt 

on arbitrary interval fc G / which means there is no hope to get 

In |i>(0, k)\dk > -oo 



(13) 



Consider the case when the transport equation is given on the cylinder of large 
size 27r/i 

Ut = kux + q{t, x)u, u(0, x) — 1, 
and u is /i-periodic in x, q is purely imaginary. Scaling in x gives 

ijt^kh-^i'e + q{t,0)^, ^(0,0) = 1 

where ip{t,9,k) = u{t,h9,k), q{t,9) — q{t,h9). For the new differential operator, 
ih^^dx, the gaps in the spectrum are of the size h^^ but, nevertheless, we have 
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(T h 
^ + J J q\t,x)dxdt I (14) 


by scaling. The r.h.s. measures the norm in time of the space averages of q. If it 

is bounded, then H^^^ norm of u{T, x, k), when averaged over (0, h), is bounded for 
most k. We expect this phenomenon for general situation when the gap condition 
deteriorates. 

The calculations presented in this section can be easily carried out for the case 
when q is more regular, e.g. q G L^(M+, if-^/^(T)). That will lead to better regu- 
larity of the solution. 

3. The model case of N x N system 
In this section, we consider the following evolution 

Xt = i{kA + V{t))X, X{0) = 1, V* =V 

and 

Ai ... 

Aa 

... Ajv 

with = Ai<A2<...<A]v. Sometimes we will allow the eigenvalues to 
degenerate, that will require more careful analysis. Denote 5j = Xj+i — Xj, j = 
1, . . . ,N — 1. We will also assume that V{t) is locally integrable on IR+ and that 
Vjj (t) = for all j. The last assumption can be made without loss of generalization. 
It is obvious that X{t, k) = {xm„(i, fc), 1 < m, n < A''} is unitary for real k. For 
general A:, the following lemma holds true. 

Lemma 3.1. For any V G ^^^^.(M"'"), we have 



z 

|X(i,fc)|2 + 2Imfc j X*{T,k)AX{T,k)dT = I, kG 



C 



and 



(15) 



OO 

Q< j X*{T,k)AX{T,k)dT <{2lmk)-^, \X{t,k)\<I, lmfc>0 



Moreover, \X{t, k)\ and \X{t, k)\^ decay monotonically in t for k G C+. 

Proof. The proof is a trivial corollary from the differential equation itself and mono- 
tonicity of the square root. □ 

Lemma 3.2. Assume that q{t) = \\V{t)ei\\ belongs to L'^{R+). Fix any / G 
with 11/11 = 1. 

(a) We have X(t, k)f — > i:f{k)ei, as t oo uniformly on compacts in C"*". 

(b) ForkGC+, \{X{t,k)f,ei)\ > |(/, ei)| - (2Ai Imfc)-i/2 • ||g||2 and 

1/2 

\P,^X{t,k)f\\^dt I <(AiImfc)-i||g||2 + (Ailmfc)-i/2||P^7|| 
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(c) {X{t,k)f,ei) converges to TTf{k) on R in the weak-* sense. //(/, ei) ^ 0, 
then TTf{k) is nonzero function in the unit ball in i7°°(C+) and so 



fc2 + 1 

— oo 

(d) For xii(t,k), we have xii(t,k) xii(oo,k) uniformly over compacts in 
C+. Moreover, 

J\n\xn{^,k)\dk>-X^%\\l (16) 

R 

and 

[1 - a;ii(oo,/c)]^i.„(,j) < \\q\\l, ||1 - a;ii(cx3, fc)||ip(js,) < C{p)\\q\\l^^ , 1 < p < oo 

(17) 

Proof. Denote u{t,k) — X{t,k)f. It is entire in k. We have ut = ikAu + iVu, 
u{0, k) = f. Then, 

t 

{u{t, k), ei) = (/, ei)+ij {u{t, k),V{T)e,)dT (18) 



Since Vn{t) = 0, we have (m(t, fc), y(T)ei) = (Pf u(r, fc), y(r)ei). From we 
have 



y ||Pfu(T,fc)||2dr < (2AiInifc)- 



Thus (M(T,A:),y(T)ei) e Li(R+) by Cauchy-Schwarz and that proves convergence 
of {u(t, k), ei) to some 7r/(fc) and 

k/(fc)-(/,ei)|<(2AiImfc)-i/2||g||2 (19) 

Consider ip{t) ~ Pf u. We have 

V^t = ifcP{=AP{=V + iP{=V"P{=?/^ + iP{=t/Piw, V(0) = Pif 

If 

^(t, A:) = iP^VPiu = i{u, ei)P^Vei 

then 

poo 

/ |l?(r,fc)fdr<||g||2 

since |(w, ei)| < 1. Thus, 

I (IIV'II^) < -2AiImfc|lV'|l^ + 2|i;|l . Il^ll, 11^(0,^)11 < 1 

and we have 

t 

IIV'(i,A:)|| <e""*|lPf/|l+ / e-"(*-^)|lUT)|ldT, a = AiImfc 
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So, 

1/2 



l^(T,fc)fdr <(AiImfc)-i|lg|l2 + (AiImfc)-i/2|lP^/|l (20) 



and fc)|| — > uniformly on compacts in C+. That proves (a) through (b). 

The properties of 7r/(/c) stated in (c) foUow from the mean- value inequality for 
subharmonic function ln|7ry(fc)| and ([T| 
If / = ei, then ^ and ^ yield 



\xiiit,iy)-l\<X^'y-'\\q\\l 
The proof of (d) repeats the arguments in lemma [L2l □ 

As a simple corollary of (c), we get existence of the weak-* limits for xij(t,k) 
on the real line (j — 2, . . . , N). Denote them by xij{oo, k). The next lemma gives 
a stronger convergence result and is an analog of lemma 11.31 



Lemma 3.3. Assume that q{t) = ||F(t)ei|| belongs to L^(M+). Then, 
\xij{t, k) — a;ij(oo, k)\^dk — > 0, j = 1, . . . , 



as t ^ oo. 

Proof. For any ti < t2 the semigroup property yields 

N 

Xij{t2,k) = ^ Xim{tl,t2,k)Xmj{tl,k) 
m— 1 

where X{ti, t2, k) has matrix elements {xij{ti, t2,k)}. Therefore, 

Xij{t2,k) - Xij{ti,k) = ^ Xim{ti,t2, k)x,njiti, k) + {xii{ti,t2, k) - l)xij{ti,k) 
m>l 

= h+l2 

By ([T7| . we have 

\\h{k)\\L-(R)^Q 

as ti(2) ~> oo- The Cauchy-Schwarz and unitarity of X give 

|/i(fc)P < 1- |a:ii(ti,t2,/c)P < -21n|a;ii(ti,i2,A:)| 

and thus 

l!/i(fc)llL2(R) ^0 

by (Uni). Therefore, xij{t, k) is Cauchy in L^(M) and must have a limit equal to the 
the weak-* limit xij{oo, k). □ 

For fixed /, we have tt/ — a;ii(oo, k)fi + . . . + xiAr(oo, k)fN and so 

Corollary 3.1. If q{t) ^ \\V{t)ei\\ e L^{«+), then 

2, 



\PiX{t,k)f - T:f{k)Ydk ^ Q 



for any / G C 



N 
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This result is somewhat surprising since we do not assume anything about V^Pf 
except local integrability. 

Now, we are going to prove results on convergence of all elements of the matrix 
X and need to assume more on V. Let ||y|| € Lf^^{M.'^) and T is a fixed positive 
constant. We start with the following simple observation. Fix 1 < j < and con- 
sider vector u{t) (it will be different for different j but we suppress this dependence 
for shorthand) which solves 

^u(t] =^i(kA + V)u, 0<t<T (21) 
at 

and satisfies the following boundary conditions. Let a{t) denote the vector contain- 
ing the first j — I components of u, b(t) is the j-th component of u, and c(t) contains 
the j -I- 1, . . . , iV components of u. Then, we require that c(0) = 0, 6(0) = 1, and 
a(r) — 0. This solution does not have to exist, but for Imfc large enough or small 
V it does, it is unique, and it allows two different representations. One of them is 
through X. Let Xj = Pi<k<jXPi<k<j, where Pi<k<j is the projection onto the 
first j coordinates. Then, assuming that u exists, 

X,(T)(a(0),l)* = 6(T)(0,...,0,l)* (22) 

By the Laplace theorem for determinants, we have 

Aj_i6(T) = (23) 

where A_, = detXj. Provided that ui exists for any / = 1, . . . , j, iteration yields 

A,{T,k)^bi{T,k)- ...■bj{T,k) (24) 

The bi{t, k) can be identified with xii{t, k). 

The existence of u(t, k) for large Im k and its analytical properties follow from 
the standard asymptotical method for systems of ODEs close to diagonal. We can 
write (PT|) as 

a' = (iMa + Qii)a + Qi2& + Q13C 
b' = Q2ia + ikXjb + Q2ZC 
c' = Qaifl + Q326 + (j^Ac + (533)c 

where Qni are the corresponding blocks of iV and 

Aq — Pl<n<j-lAPl<n<j-l, Ac = Pj+l<n<NAPj+l<n<N 

Let Ui and U2 he solutions to the following Cauchy problems 

^Ul{T,t,k) = {ikka + Qll)Ul{T,t,k), UliT,T,k)^I 

at 

-C/2(r, t, k) = [ikk, + Q33)C/2(t, i, k), C/2(t, T,k) = I 
at 

Since Qn and (533 are antisymmetric, we have the following obvious estimates 

||C^i(T-,i,A:)|| < exp(Aj_i • Imfc • (t - t)), t<T (25) 



\\U2{T,t,k)\\ <exp(-Aj+i • Im/c • (t-r)), t <t 



(26) 
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The integral equations for the boundary conditions specified are 









Consider u — c-xjp{—ikXjt)u. Then, for u, we have the operator equation 



u{t) = f{t)+Du 



where f(t) — Cj and D is the corresponding integral operator. If y = Imfc >> 1, 
then is contraction in the ball of radius 1 in the space 23, where 

■B ^ Z X . .. X a X L°°{0,T) X L X .. . X L 

and £j is the space with the norm || • ||oo + || ■ ||2- In fact, by (pS)) . Cauchy-Schwarz 
and Young inequalities, 



Thus, there is a unique solution which belongs to 23. Assuming T = oo and ||\^|| G 
i^(R+), we have u{t) = exp{iXjkt){b{oo, k)ej + o(l)). This is a well-know result in 
the asymptotical theory of ODE but it is valid for either large positive Im k or fixed 
Imfc > and small ||1^||2- It does not require any information on Qn and Qss- 
Notice that b{T,k) = exp{iXjkT){l + 0((lmfc)-i)). Then, ^ yields invertibility 
of each Xj for large Im k. Also, since Aj is entire in k, the formula 



IIP)i(3)l|oo < ||Q||2y-^/Ml(i^)i(3)l|2 < ||Q||2y-Ml(i^)2|| < !|Q||2 
IIP')i(3)lloo < WQWly-'/^ \\{D'Us)h < \\Q\\ly-\ IIP')2|| < ligil^y-' 



6(T, k) = AjA 




allows to define b for any fc as a meromorphic function. 

For k = iy, y >> 1 we have the following asymptotical expansion 



u = f + Df + D^f + ... 



T 




Df 












and 



T 
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Denote «'2(T,t,j/) = U2{T,t,iy)ey^^'^*-^\ ^i{T,t,y) = Ui{T,t,iy)ey^^^^-^\ Substi- 
tuting the Duhamel expansions for 5*1(2) into the formula above, one gets 

T 

{D\f)^ (T) = y-M / Q23W(Ac - Xj)-'Q32{t)dt 



Q2i{t){\j-Kr^Qi2{t)dt +o(2/-i) 



Since Qij = iVij and |(_D'^/)2(r, = o(y we have 



6(r,z2/) = exp(-yTA,) 1 + 



N ^ 



fc=i+i 



From pi]) , we have 



lnA,(T,iy) = -(Ai 



1 1 J ,11 ^ 



k=l l=j+l 

The similar calculation can be done in the general case when Im k 
We are ready to prove the following 



Theorem 3.1. // 



3 N 'J 

J 1 J ,-11 



(28) 



then g{t, k) = Aj(t, k) exp(— ifci(Ai + . . .+Aj)) converges in to a function g(oo, /c) 
which is in the unit ball in _ff°°(C+). Moreover, 



2 — > OO 



> / In |<?(oo, k)\dk > -7r/(y), / |1 - g{oo, k)Y'dk < C{p)I{V), 1< p < oo 

(29) 



Proof. Consider g{t,k) for any t > 0. It is entire in k and |(7(i, A:)| < 1 for real k 
since Xj is a contraction for Im A: > 0. Moreover, we know its asymptotics for large 
Imfc which implies that g{t, k) is in the unit ball in _ff°°(C+) and 

0> J \n\g{t,k)\dk> -nI{V) 

R 

Arguing like in the proof of lemma [1.21 we write g{t,k) = 1 + h{t,k). Then 
Re h{t, k)<0 and 
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J Reh{t,k)dk = -7rI{V) 



which impHes 

< J(F), \\1 - g{t,k)\\L.m < C{p)[IiV)]'/'' , l<p< 



Let < Si{k,t) < S2{k,t) < . . . < Sj{k,t) < 1 be singular numbers of Xj{t, k). 



Then, 



and therefore 



0> / (lns?(fc,t) + ... + lns2(fc,t))dfc> ^2ttI{V) 



tr(/jxj - \X^j{t,k)\'^)dk < 2ttI{V) 



Write X{t, k) in the block form 

X{t,k) ^ 

Since X is unitary, pop can be rewritten 



tAYj{t, k)\^dk < 2ttI{V), / tr\Zj{t, k)\^dk < 2ttI{V) 



(30) 



(31) 



Now, that all necessary uniform bounds are obtained, we can prove the conver- 
gence result. For any ti < t2, the semigroup property in the block form yields the 
identity 

Xj {t2 , k) = Xj 1 , t2 , k)Xj {h,k)+ Yj {ti,t2,k) Zj {ti,k) 
As ii(2) oo, we have 

J tr\Yj{ti,t2,k)\'^dk -> 

So, 



|detXj(t2, ^) — detXj(ti, i2, k) ■ detXj(ti, fc)|^ dk 0, ii(2) — > oo 



On the other hand. 



\detXj{ti,t2,k) - exp{ik{t2 - ti)(Ai + . . . + Xj))f dk 



as ii(2) — > oo. So, 1 — g{t,k) is Cauchy in _ff^(C+) and we have convergence 
g(t, k) — > g{oo, k) uniformly over the compacts in C^. Since each git, k) is analytic 
contraction, the limit 5(00, k) as an analytic contraction as well. The bounds (|29|) 
can be obtained through the argument identical to the one used to handle g{t, k). 

□ 
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Remark 6. Notice that the theorem was proved under the assumption that all 
eigenvalues of A are non-degenerate. That was used in the proof of the asymptotics 
for b. In the meantime, due to cancelation in the statement of theorem l3.1l as 
well as (|3T|) holds under the assumption that Xj < Xj+i and the other eigenvalues 
can degenerate. 



The estimates for determinants and PT|) can be obtained for Wj-i as well and 
that yields the following important result. 

Theorem 3.2. // 

I'{V) = XlXl 1-^' ~ ^'^■1^^ / \^kiiT)\^dT < OO, {remember that V^jit) = 0) 

k=l l=j Q 

then 

\xjj{t,k) - exp{iXjtk)\'^dk < r(V) 



Moreover, there is Xjj{oo,k) such that 

\xjj{t, k) exp{—iXjtk) — Xjj{oo, k)\^ dk ^ 

JR 

and 

\xjj{oo,k)~l\^dk <I'{V) 



Proof. The estimate ((3T|) . applied to Xj and yields 

Jj2{\^i,it,k)\^ + \x,,it,k)\^)dk<I'{V) 

Expanding in the last raw, we have 

^3 = ^jj^3-i +r, XjiAji + ... + a;jj_iAjj_i (32) 

where {Ajm} are cofactors of Xj. 

Lemma 3.4. If Z is j x j contraction then the adjoint C — adj Z is contraction 
as well. In particular, 

|An|' + ... + |Ai,f <1 (33) 
where Aik is {i, k) -co factor of Z . 

Proof. Take any a = (ai, ■ . - ctj) with ||a||2 = 1. Replace the first raw of Z by a 
and denote the resulting matrix by Zq,. By Laplace theorem, 

det Za — aiAii + . . . + ajAij 

On the other hand, Hadamard's estimate gives 

I detZ„| <hi...hj <1 

where hi is the ^^-length of the /-th raw of Za. Since a is arbitrary, we get ((33)) . 
This implies ||Cei|| < 1. Take any unitary U. We have UCU-^ = adj{UZU-^). 
Therefore, 

\\CU-^ei\\ < 1 

Since U is arbitrary, ||Cx|| < ||a;|| for any x. □ 
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By lemma, we have 



\r(k)\^dk<I'{V) 



Since 



and 



J \Aj - exp(z/fct(Ai + . . . + Xj))f dk < !'{¥) 

J |Aj_i - cxp{ikt{Xi + ... + Xj^i))fdk < I'{V) 
yields 

Xjj{t, k) - exp{iktXj)\'^ dk < !'{¥) 



the formula 



Using the semigroup property one can show that Xjj (t, k) exp(— ifciAj) — 1 is Cauchy 
in i^(R) which implies existence of the limit. □ 



Corollary 3.2. Let 



OO 

J2 J |Afe-Azr^|Vfei(i)l'rfi <oo 



Consider X{t,k) = e-xjp{—iktA)X{t,k). Then X{t,k) X{oo,k) in the strong 
sense, i.e., 

J \\Xit,k)f - X{oo, k)f\fdk ^ 

R 

for any f. 

Proof. The proof is a standard application of the semigroup property and the pre- 
vious results. □ 

We are going to consider now a somewhat special case when the frequencies 
degenerate in different ways. The first situation is a model for Schrodinger evolution 
on 1-d torus. 

Assume that Aj_i < Xj = Aj+i < Aj+2 for some j : 1 < j < N. We will try 
to understand how the P^j,j+lyX {t, k)P^j j part of X{t,k) behaves for large t. 
Consider the following evolutions 



*'(r,t,fc) = i kXjl2x2 + 











W'{T,t) = i 











W{T,t), W{t,t)=I2 



Obviously, W is fc~independent and is unitary since V}j+i — Vj+i.j- For Vf, we 
have 5' = eyip{ikXjt)W . 

Notice that for real or purely imaginary Vj ,j+i the matrix that diagonalizes the 
perturbation is t-independent and we can assume that Vjj+i(t) = without loss 
of generality. We will consider the general case. The proof of the following result 
repeats the argument given above with minor changes which we will explain. 
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Theorem 3.3. Assume that A,_i < A,- = Aj+i < A,+2 and 



J + l N 



< oo, 



fe=l 1=] { k=l l=j+2 { 

Consider Y(t, k) — P^j j_^_iT^X{t, k)Py j^iy Then, 

\\Y{t, k) - *(0, t, k)fdk < I"{V) (34) 



Moreover, \\^~'^{0,t,k)Y{t,k) ~ Y{oo,k)\\ in L^{m) and 

||f (oo,fc) -iW'^dk < I"{V) 



Proof. We repeat the proofs of theorems 13.11 and 13.21 with the following modifica- 
tions. Instead of a single vector u satisfying 6(0, fc) — 1, we consider its x 2 
matrix version. Let us denote the matrix containing first j — 1 rows of u hy a, b is 
formed by j, j + 1 rows and is therefore 2x2 matrix, and c is built of j + 2, . . . , iV 
rows of u. Then, the boundary conditions would be 

a(r,fc) = 0, 6(0,fc) = /2x2, c(0,fc)==0 
The analogs of ^ and ^ are 

a(0,fc) 1 _ r 
/2X2 J ' [ b{T,k) 

Multiplying from the left with the adjoint of Xj+i {T, k) and taking the 2x2 blocks 
in the "southeastern corner" , we have 

A,+i(T,fc)-/2x2 = A(T,fc)-6(r,fc), 

A,,{T,k) A,+^.,{T,k) 



X,+i{T,k) 



A{T, k) 

By Remark 6, we already know that 



Ajj+i{T,k) A.j+i^j+i{T,k) 



(35) 



/ 



|Aj+i(T, k) - exp(2A:T(Ai + . . . + Aj_i + 2\j))\''dk < I"{V) 



|Aj_i(T, k) - exp{tkT{Xi + ... + Xj-i))\^dk < I"{V) 



and 



J J2 [MT,k)\^ + \xu+i{T,k)\' 



+ \xjAT, fc)P + \xj+iAT, fc)p dk < I"(V) 



(36) 



Combining these estimates and using the Laplace theorem for determinants, we 
have 



J I dety(r, k) - exp{2ikT\j)\^dk < I"{V) 



(37) 
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The analog of ((221) is 



a{t) = - / Ui{t, i, k) [Qi2(t)6(t) + Qi3(t)c(t)] dr 
* t 

bit) = *(0, t,k)+ [ *(t, t, fc) [g2i(T)a(T) + Q23(r)c(T)] dr 



(38) 



c(t)= / ?72(r,i,A:)[Q3i(T)a(T)+Q32(T)6(T)]dT 
Jo 

The similar perturbation argument gives 

&(r, ly) = ^-(0, T, ly) (/2X2 + y-'r + o{y-')) , y +c 

where 

W{t, 0)Q23{t){Ac - Xj)-^Q32{t)W{0,t)dt 



W{t, 0)Q2iit){Xj ~ Aay^Qi2{t)W{0,t)dt 

JO 

Consider 

C(r, fc) A{T, k)^{0, T, fc) exp(-ifcr(Ai + . . . + Aj_i + 2Aj)) (39) 
Since we know asymptotical expansion for Aj+i as Imfc —t +oo, (|35p yields 
C(T, ly) = /2X2 - y-'(r + I,+i{V) ■ /2X2) + o(y-i) 

Notice that 

0<r + /j + i(F)-/2x2</"(l^) 

By lemma A{T, fc) is contraction for Imfc > and so is C(r, fc) for real fc. 
C (T, fc) is also entire in fc and we know its asymptotics for large Im fc which implies 
that C(T, fc) is contraction for fc e C+. Write C(T, fc) = /2x2 + H{T, fc). Then, 

2Rei7(r,fc) + |i/(T,fc)p < (40) 

Since {ReH(T,k)£^,^) is harmonic for any ^ e C^, comparison of asymptotics for 
y oo gives 



and then yields 



ReH{T,k)dk < I"{V) 

R 

1 ||i/(T,fc)||2dfc</"(y) 



(41) 



Next, notice that 

A(T,fc) = A,_i(r,fc) 

and 



j+i (T, fc) -Xj.,+i (T, fc) 

-2;j + lj(r,fc) XjjiT,k) 



\\riT,k)fdk<I"{V) 



<T,k) 
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due to ((36|) . On the other hand, we know the asymptotics of Aj_i(T, fc) which 
together with ([39]) and ([4T|) give 

exp(2i/cTAj) - (adjr(r,fc)) • ^>{0,T,k)fdk < I"{V) (42) 



adjy(T,fc) 



since 

s^i+i.i+i (T, k) -Xj^j+i {T, k) 
(^j k) Xjj (T, k) 

Denote the matrix under the norm in (I42p by fi. We have < since y is 

a contraction and therefore 

exp(2ifcrAj)r(T, fc) - det Y{T, k) ■ 1'(0, T, fc)|prffc < /"(F) 



By (|37l), we have (|34]). The rest is standard. □ 

The method can be carried over to the case when the muhiphcity of frequencies 
are higher than 2. Using these results we can obtain the "asymptotics" of solution 
for any Ai < . . . < Ajv provided that ||V^|| e _L^(M+). However, the constants in our 
estimates will blow up when some 5j = Xj^i — \j ^ Q. 

Assume we are in the situation when Ai = A2 = . . . = A,„ < Xm+i- The simple 
matrix version of lemma 13.21 gives 

Proposition 3.1. // Ai = A2 = . . . = Am < Xm+i and 

i{t) = \\P{l....^,n}V{t)P{,n+l....}\\ e L2(M+) 

then 



J \\Pi^+i,...}XiT,k)eJ'dk<\\vrX-^^„ 



n = 1, . . . , TO 



If A„i+i >> I7 this means rather strong localization of the solution. Therefore, 
we pose the following 

Open problem. Is it possible to improve the estimate on 



J \\P[^^,„}X{T,k)e,fdk 



for large m assuming only Ai < A2 < . . . and some off-diagonal decay for V7 The 
conjecture might be that 

sup / \\VAX {T, k)ei\f dk < 00 (43) 

T>oJ 

R 

for suitable condition on V. That could lead to better understanding of Schrodinger 
evolution on the circle. 

The calculations below will be extensively used in later sections to handle special 
evolutions equations. We will empasize the dependence of I'(V) on j by writing 
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(a) Let Vij{t) ~ qi-j{t) where qj{t) = q-j{t) and 



J N 

n 1 = 1 



Assume also that |A; — A„i| > |Z — to|. Then for any j we have (remember 
that qo{t) = 0) 



OO 



A;<0 ;>0 g 

(b) Take the same V but assume that Xj ^ j™. Then, 

j oo 



oo 



J ^ -1 l> 

m^HHp^rz^ / k-KOPrft<r(-^)|kii^ (44) 
fc=i i=j 

In the second case, the condition on V can be relaxed. If \2j = A2j+i ^ i™, the 
estimate for I'j{V) is similar. 

4. The case of Hilbert spaces and applications to Schrodinger 
evolution on the circle 

In this section, some results from the previous section are generalized to the case 
N = oo. We will also give various applications to the Schrodinger evolution on the 
circle. 

Consider the selfadjoint operator A on !K £'^{'Z) with discrete spectrum {A„} 
where A„ is nondecreasing sequence. Let Q(t) be operator-valued function with 
norm ||Q(i)|| bounded for a.e. t and 

WQim e LlM^) (45) 

The weak solution to 

ut{t,k) ^ ikAu{t,k) + Q{t)u{t,k), u(0,k) = ip (46) 

is the solution to 

w(t, fc) = Ao(O,i,A:)-0+ / Xo{T,t,k)Q{T)u{T,k)dT 



which follows from the Duhamel formula. Here Xo(r, t, k) denotes solution to the 
unperturbed evolution. We will write u{t, k) = X(0,t, k)tl). 

There are some general results that prove the weak solution is in fact a "strong 
solution" provided that the initial value and potential Q are "regular enough" . We 
will study the behavior of weak solution. The condition (|45p is sufficient for the 
iterations of (l46l) to converge in the space L°°([0, T], 5{) for any T > with the 
obvious estimate 



\\uit,k)\\<exp(^J^ \\Q{T)\\dT^ m 



The following stability result will allow us to use the standard approximation tech- 
nique. Let n„ = P{-n,....n}j ^ projection in £^(Z). 

Lemma 4.1. (Approximation lemma). // ||(5(<)|| G L^{Q,T) and Qn{t) = 
nn(3(i)n„, then ||u„(r, k) — u{T, k)\\ —fO as n ^ oo. 
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Proof. Each term in the corresponding series is a multihnear operator 

G„,{Q,...,Q)= [ 'Xo(Tl,r,fc)Q(Tl)Xo(T2,Tl,fc)... 

Jo Jo Jo 

Q{T,n)Xo{0, T„i,k)lpdTi . . . dTm 

or 

GmiQn, ■ ■ ■ ,Qn) ^ / / •■•/ (ti , T, fc)(3„ (ti )Xo (t2 , Ti , /c) . . . 

Jo Jo Jo 

Qn{Tm)Xa{0, T„i,k)ipdTi . . . dr^ 

Write 

Grni^Qn: ■ ■ ■ i Qn) — G'niiC^n: ■ ■ ■ ; Qn^ ^~ G^yii^Q^n ■ ■ ■ ; 

and use hnearity for the second term, etc. Then, 

GmiQn: ■ ■ ■ i Qn) Gmi^Q^ • ■ ■ i Q) 

can be written as a sum of m terms and each of them converges to zero. Indeed, 

\\Qn{Tl)\\ • . . . • \\Qn{Tj-l\\ ■ \\(Q{Tj) ~ Qn{Tj)^ Xo{Tj+i, Tj , k)Q{Tj+i) 

. . . Q{Tm)Xo{0, Tm, k)'lJj\\dTi . . . dr^ 

by dominated convergence theorem. Therefore 

^ G,n{Qn, • • ■ , Qn) ^ Gm{Q, ■ ■ ■ , Q) , U ^ 00 

m>l m>l 

since we also have a bound 



\GUV,...,V)\<l^(r\\Vmdt 



which takes care of the tails in the series. □ 

It is now easy to prove 

Lemma 4.2. If Q{t) = iV{t), where V{t) is selfadjoint and \\V{t)\\ e L\^^{M.+ ), 
then Xijjt, k) is unitary and it satisfies the semigroup property 

X{ti,t2,k) ■ X{to, ti,k)^ X{to, t2,k) 

Proof. The semigroup property and preservation of the norm follow from the Ap- 
proximation lemma and the corresponding results for finite systems of ODE's. We 
also have 

X{0, t, k) ■ X{t, 0, k) = X{t, 0, k) ■ X{0, t,k)=I 
which implies that X is unitary. □ 

Next, we prove an analog of theorem 13.21 Denote the matrix elements of V{t) 
and X{t,k) by Vmnit) and x„init,k), respectively. For simplicity, we again make 
an assumption that Vnn{t) — for any n. 
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Theorem 4.1. Assume that \\V\\ G ij'Q^(R+), A_i < Ao = < Ai, and 

oo 

/'(V) = ^^|Az-Aferi / \VkiiT)\' dT <oo, (yoo(t) = 0) 

fc<0 />0 Q 

Then, 

J |xoo(i, k) - xoo(oo, ky{^dh 

R 

y"|xoo(oo,fc)-lpdfc</'(F) 

R 

Proof. For truncated potentials V^*^") = n„yn„, the theorem 13.21 is appHcable and 
the resulting estimates are uniform in n. Since for each fixed k we have convergence 

xj""* (t, k) — > Xji {t,k), n — > oo 

and uniform estimates 

J \x^^\t,k)-l\^dk<I'{V) 

R 

[ + < I'{V) 

we can go to the limit as n — > oo to get 

J \xoo{t, k) - Ipdfc < I'{V), J Y.{\xoi{t, k)\^ + \xio{t, k)\^)dk < I'{V) 

R R ''^^ 

The rest is the standard application of semigroup property and unitarity oi X. □ 

Most results from the previous section can be adjusted similarly including the 
case when the frequencies have multiplicity. In particular, we can consider Schrodinger 
evolution on, say, one-dimensional circle 

ut = -ikuee + iV{t, 9)u, u{0, k) = e i^(T). 
We are interested in the weak solution and assume that V is real-valued and 
||^(^, 6')||oo G ^ioc(^^)- this case, on the Fourier side, equation takes form 

Ut — ikAu + iV * u, u{0, k) — xp € 

where A is diagonal Aq = 0, A„ = and all eigenvalues but the principal one (i.e., 
Ao = 0) have muhiplicity 2. Write A in the basis {1, e*^ 6"*^ . . . , e"'^ 6""^ . . .} 

..." 
... 
... 
4 ... 
4 ... 

We also always assume without loss of generality that 

j v{t,e)de = 0, t>o 

T 



A = 















1 











1 
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Consider the following /c-independent evolution 
V{2n,t) 
V{2n,t) 



Kit) = i 



*„(t), *„(0)=/2x2, n>l 



where 



Notice that if V{2n,t) = for all t, then ^'„(i) are trivial. Also, if V{2n,t) is 
real or purely imaginary, we can write the explicit formula for 5'„(t). That can be 
satisfied, e.g., if V is even or odd. 
Take 

10 ... 

W{0,t,k) ^ Xo{0,t,k) ■ 

_0 *2(0 ... 
where Xo(0, t, k) is the free Schrodinger evolution. 

Theorem 4.2. Assume that 

\\V{t,e)\\^eLl,iR+) (47) 

and V(t,9) G L^(]R+ x T). Then for any ip G L'^{T) the weak solution u(t,k) 
satisfies 

||W^(0,t, fc)u(t, fc) - J/^lpdfc -> 0, as t^oo 



for any / C M, |/| < oo. The operator H is defined as bounded operator from L'^(T) 
to the space of functions h{9,k) satisfying \\h(0,k)\\'^2(j-j G ^ioc(^)- 

Proof. Denote the matrix elements of X{t,k) = W~^{Q,t,k)X{t,k) by irnn{t,k). 
Fix n and take, say, '!/'(^) = e'"^. Let u be the corresponding solution, i.e. the 
a(n)-th column of X. The choice ipiO) = e~™^ gives the a + 1-th column. From 
the Approximation lemma, theorem [47T] (adapted by the theorem l3.3l) . and (j44[) we 
know 

^ |x„„(t, fc)P = 1, t>0,fcGM 

mez+ 

|1 - Xaa{t, k)\^dk < J li^ait, k) - Xaa{oO, k)\'^ dk 

R K 

and 

j '^\xma{t,k)\'^dk <\\V\\'^, J \xma{t,k) - Xjnaioo, k)\'^dk ^ 0, m^a 



(48) 



Moreover, ((3T|) gives the following uniform estimates 

J \in.a{t,k)\^dk<Cin)l-^\\V\\^, l» 



T.\>1 



which implies 



J \mr\ima{t,k)\''dk <C{n)\\V\\ 



(49) 
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for any 7 < 1. Therefore, 

/ X! ^) ~ Xma{oo, k)\^dk 

By linearity, we can prove existence of the Umit for any trigonometric polynomial 
ip — T{9). Denote the corresponding limit by [HT]{9,k). That gives a linear 
operator H defined on the set dense in L^(T). We have 

\\X{t,k)f\\ = \\T\\ 
for any k and t and so for any / C M 

j J \[HT](9,k)\^dddk^\I\-\\Tr 

I T 

Therefore, H can be extended to a bounded operator on L^(T) such that 

\[H^j]{0,k)\^dedk = \I\ ■ 



/ T 

If ip is fixed, the last identity implies that H-ff^AH = \\ip\\ for a.e. k. □ 

Notice that the condition (|T7l) was used only to guarantee the global existence 
of the weak solution for any k and can probably be dropped. The solution corre- 
sponding to the initial value ip = 1 is special in a way that we always have 



\n\xn{t,k)\dk > -\\V\\i. 
and that means \xii{t, fc)| > for a.e. k (compare with ([T3| ). 
The following proposition is the direct corollary from (j49p 

Proposition 4.1. Take -ip = 1 and assume that \\V{t,9)\\^ e ^ioc(I^^) and 
V(t, 0) e L^{[0, T] X T) for any T > 0. Then, 

T 

\u{T,e,k)\\%^^^^dk< 1 1 \v{t,6)\^dedt 



T 



for any 7 < 1/2. 



The analogous bound can be proved for any sufficiently smooth function ip. 
Assuming that V is only bounded on the strip IR+ x T this estimate shows that 
/c-averaged H'^ norm is finite and grows not faster than ^/t. 

Remark 7. Now, assume that 

T 

' \V{t,e)\^dedt <C 



T 



Consider the first T columns in X{0,T,k) and denote by M the set of those for 
which 



/ V \xim{0,T,k)fdk> aT- 



l=T+l 



26 



SERGEY A. DENISOV 



Due to (pTj) . we have \M\ < Ca^^T and by taking a large we have that at least a 
half of the first T columns are strongly localized for many k. In this argument, M 
can depend on T, in principle. 

In the case of transport equation, our method allows us to reproduce that the 
solutions are in ^1/2. Indeed, we have 

J Yl \^mn{t,k)\'dk<\\Vg 

^ m<0,n>0,m^n 

where Xmn{tjk) are the matrix elements of the evolution operator in the Fourier 
representation. In the meantime, we have Xmn{ii k) = exp(ifcmt)x„_,„ o(^: k) which 
yields 

5. Evolution with deteriorating gap condition: the short-range 

interactions. 

This section contains the main results of the paper. Unfortunately, they handle 
only the short-range potentials and even in this case are far from optimal. 
Consider, e.g., the following model 

ut ^ -ikr^uee + iV{t,e)u, t>l (50) 

V is real and 

u{l,9) ^ 1 

Similar evolution equation appears as the WKB correction in the three-dimensional 
Schrodinger dynamics [5]. We assume that V is real- valued and satisfies 

\\V{t,0)\\L^^T^<t-\ 

where < 7 < 1 is to be specified later. 

On the Fourier side, the equation can be written as 

u' ^ ikt^'^Au + iV *u, u{l) = So 

and A is diagonal with elements n^, n > 0. The multiplicity of each eigenvalue is 
two as long as n > 0, the principal eigenvalue is non-degenerate. Clearly, this case 
can not be handled by the methods considered in the previous section since the 
distance between eigenvalues decays like which might lead to significant growth 
of the Sobolev norms even for "typical" k. Instead, as results of the previous section 
suggest, we should introduce the scaled Sobolev norms 

\\u\\s,t = i"1|w|lH.(T) 

Open problem. Assume V{t,9) e L^([0,oo) x T). Is it true that for a.e. k we 
have 

IkllM-^O 

as i — > 00? 
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This conjecture is supported, e.g., by calculations (jl4p made for transport equa- 
tion or by the Remark 7. If true, it implies 



\n\>Ct 

for any C and since ||u||2 = 1, we have 

\n\<Ct 

SO the most of L^(T) norm is concentrated on, roughly, t first harmonics. We will 
call this phenomenon the concentration of norm. It does not seem to be possible 
to obtain any asymptotical result similar to the case when the gap condition does 
not deteriorate and, perhaps, the "scattering" for this model should be defined in 
terms of the boundedness of scaled Sobolev norms. 

The simple substitution t = reduces the problem to equation 
= ik'ipse~iT^^V{T-'^,e)ip, tpil)^!, 0<r<l 
and for g(T, 0) — —t^'^V{t, 0) we have the following bound as t ^ +0 

lk(r,^)IU=o(T)<r^-' 
Thus, ((50|) can be reduced to studying the standard problem on the circle 

iPt = ikiJee + iqit,e)iP, ^{1,6) = I (51) 

where the potential grows in the controlled way. We will study the growth of the 
standard Sobolev norm. Assume for a second that we could prove (which we can 
not! but compare to (|43l) ) 



\\Mt,0,k)\\i.^^^dk< J ||9(r,0)||i.(T)dr (52) 



Then, for the original problem that would mean 

T 

J \\ug{T,0,k)\\l.^r)dk< J t'\\V{t,e)\\l.^^)dt (53) 

R 

and so 



J \\u{T,e,k)\\lTdk^T-^ j t^v(t,e)\\ 







provided that V E L^([0,oo) x T). Notice also that by the standard time-scaling 
it would be sufficient to prove ([5^ only for t = 1. 



We will start with rather simple apriori estimates. Consider the simplified version 

of mi 



Ut^ikT-^ugg + iV{t,9)u, 0<t<r, \V{t,e)\ < T''' , u{0,d)^l (54) 
We start with well-known estimate 
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Lemma 5.1. Assume that V{t, 9) is real trigonometric polynomial of degree smaller 
than T" for any t G [0, T] and \V{t, e)\ < T^t. Then, for any k e R 

Therefore, 

E l"«(r)|'<T"-^ 

\n\>CT 

Proof. The proof is elementary. Differentiating (|54p in angle, multiplying by ug 
and integrating, we get 

t 

\\ugit)\\l<2 J ||Ve(r)||Loo(T)||ue(T)||2dr 



If max \\ug{t)\\2 = \\ug{t„i)\\2, then 

*G[0,T] 

T 

\\ug{t^)h < 2 J \\Vgit)\\^dt < 2rl+"-'' 


by Bernstein. □ 

Clearly, we have concentration of L'^ norm for all k as long as a < 7. This 
argument holds for transport equation as well and can be easily modified to control 
the higher Sobolev norms. On the other hand, for the transport equation, the 
norm can really smear over first ^ harmonics as can be easily seen from van der 
Corput lemma applied to (|12p . 

If one writes 

u{t, 9) = exp (^i V{t, 9)dT^ ip{t, 9) 
in the previous lemma, then the equation for ij: reads 

ll^t = ikT^^ljjgg + I, 

where 

I = -2kT-^^e Ve{T,9)dT + ikipT-'^ Vgg{T,9)dT - (^j^ 

For /, we have 

by the previous lemma. 

Thus, if 1 + 2a < 27, then \\i>[T, 6*) - 1||2 < T^+^^-^t by Duhamel formula 
which proves the standard WKB asymptotics of solution for the range a < 7 — 1/2. 



t X 2N 

Vb{t, 9)dT 



In the case just considered, the potential had an extra smoothness in 9. The 
other extreme case is when V oscillates. 
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Lemma 5.2. Assume that V{t, 9) is real trigonometric polynomial, \V{t, 9)\ '^T , 
and V{n,t) = for \n\ < T" and \n\ > CT . Then, 



[ |uo(T,fc)-lpdfc<T5-2"-4'' 



Proof. On the Fourier side, apply the Duhamel formula to u{t, k) = exp{ikT '^Kt)ip{t, k) 
to get 



ip^t, k) — 6Q + i 
Taking the scalar product with (5o and integrating by parts 

{■4j{T,k),5o) = 1 + 1, 

where 



I^il {i;'{t,k), I e-'''^'"^W{T)e'''^'"^^dodr)dt 



and 



l^ll 



L2(R,dfe) 



dt 



By Plancherel, 



\I\\^dk 



1/2 



<^ /j^5/2 — a — 27 



due to the limitations on the support of V. 



□ 



Clearly, by taking a + 2j > 5/2, we have localization of almost all of the L^- 
norm on the first harmonic for most k but this argument does not say much about 
the Sobolev norms. 



In the rest of this section, we will focus on ([STjl with short range potential, e.g. 
V{t,9) = cos{9)q{t). For simplicity, we start with the following problem where all 
eigenvalues are non-degenerate 

xt=ikAx + iQx, x{0,k)=So (55) 

where A is diagonal with eigenvalues A„ = n^, n = 0, 1, . . . and Q is symmetric 
Toeplitz operator: Qmn{t) = qm-n(t) , qo{t) = 0, g_„(i) = qm.{t), m,n>0. 

We will use the following notations: given a function v{t), let o'a(t) = (t)^^^" + 
{t)-°'\v{t)\ where (t) = (1 + 1^)^/^ and a > is to be specified later. 

Theorem 5.1. Assume that qn{t) = w(t)((5_i + Si) and \v{t)\ < t~'^,j > 3/4. 
Then, for a.e. k, we have 

sup n*|a;(t, n, /c)p < cx), Vs G N 
t>o 

n>0 

Fix any (a, b) not containing 0. Then, for any s > 1 

<Ci"(r)C|(r) + i (56) 

L2/s(a,h) 



00 

supy^n''|x„(i, A:)p 
t<T , 

— n—l 
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Here, 
Ci 



1/2 



(T)^«t;'(r)dr 



:(T)= Ta^C 
Jo 



T)dT, l-7<Q!<7-l/2 



Proof. Wc have 

a:^(t, fc) = iv{t)xn-i{t, k) + ikn^Xnit, k) + w(f)a;„+i(f, A;), n > 

and 

x'Q{t,k) = iv{t)xi{t,k), Xn{0,k) = 6o 

Thus, we have 

T 

Sn{T)= |a;„(T,fc)|2 = -2Im 

n=]V 

Writing a;„ = exp(ifcn^i)V'n, we have 



]{t)xN-\{t, k)xN{t, k)dt 



,N> 1 



V'^ = exp{-ikn'^t){xn-i + Xn+i) 



and so 



where 



Sn{T) 



< 



v';sr{t,k){t) "iljN-iil>Ndt 



VN{t, k) = - {Trv{T) exp{-ik{2N - l)T)dT 
Taking N > 2 and integrating by parts, 

T 

Sn{T)< J K(i,A;)|.((i)-i-« + (t)-«Kt)|). 



(|a;7v-2a:iv| + |a;jv|^ + |a;jv-i|^ + \xN-iXN+i\)dt 

Notice that for any t, we have 

\vN{t,k)\<M{k{2N-l)) 

where M{k) is Carleson-Hunt maximal function for {t)"-v{t) and M{k) G Li^ 
Let 

/ oo \ 1/2 

|2 1 



(57) 



^,{k)=[Y,\M{kn)\' 



\n=l 



For < a < 6, we have 

oo 2"+! 



m=ln=2'- TO=l-^"2™ 

Thus, by Fubini, we have M{kn) G e^{Z+) c £°°(Z+) for a.e. k. 

T 

Sn{T) < H{k) j {{t)-^-'' + {ty\v{t)\){\XN-2XN\ + \XN\^ + \XN-l\'' + \XN-lXN+l\)dt 


(58) 
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Sum these inequalities over N using \\x{t, k)\\2 = 1 for any t 

oo 

supVn|a;„(i,A:)p <C2(T)Ai(fc) + l 

By induction, 

oo 

supVn^|a;„(t,fc)|2 <C|(rK(fc) + l (59) 

*<^n=l 

for any s. Thus, there is a fuU measure set such that 

oo 

sup n'^\xn{t, fc)p < oo 



for any s. Integration of ((59)) gives ([56]). □ 

We also can improve this result to get real analyticity for a.e. k. 

Proposition 5.1. Under the conditions of the theorem \5.1\ there is a full measure 
set in k for which the solution is real analytic. 

Proof. We will work on the Fourier side. Summing (|58p from = 2 to c» 

T 

\xn{T, fc)|2(iV - 1) < CM(fc) / <J^it)dt (60) 

N=2 { 

Multiply ([SHI) by iV - 3 and sum from iV = 4 to c». ([60|) gives 

\xN{T,k)WN - 3f < ■ 2fi^{k) I a^{ti) j a^{t2)dt2dti 



N=4 

By induction 



Y \xn{t, k)\^{N - {21 - lyy < {Cfi{k)y I f a^{t)dt 

\T—ni \<J0 J 

fC'fiik)\\a4i 



N=2l 

Taking, say, iV ~ 4^, we have 

/ I : I n \ [[ /-r II-. \ ^ 

SUp|2:Ar(t, k)\^ < 



t>0 



which shows that the solution is real analytic for a.e. k. □ 

In theorem 15. 11 the integration is restricted to an interval (a, 6) which must be 
finite, not containing 0. Below we show that this condition can be dropped. 

Theorem 5.2. Under the conditions of theorem \5.1l we have 

oo 

supVn2|a;„(t,/c)|2 e (61) 
*>o^i 

Proof. Notice that the function {t)°'v{t) E i''(M+) for some (^(7) < 2 and therefore 
M{k) e L^(R) with C dual to v. Muhiply ([57]) by N and sum from iV = 2 to 
infinity. We have 

oc 

/(T,fc) = ^n2|x„(T,fc)|2<l+ 
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aa{t) / J2^~"\M{{2n-l)k)\-n^+'{\x,,^2{t,k)x^{t,k)\ + \xn{t,k)\' 



+ \Xn-l{t, fc)P + \Xn-l{t, k)Xn+l{t, fc)|) dt 

where e > 0. By Young's inequality, we have 



n>2 



c 



Taking e = (2 — we get 



where 



/(T, fc) < 1 + A(fc) + / (Jc{t)I{t,k)dt 
Jo 

A{k)^ (j a^{t)dt^ ■ (^n-^'\Mii2n-l)k)\i^ e L\ 
The Gronwall lemma yields 

/(r,fc)<(i + ^(fc))exp (C2(r)) 

which implies (pT|) . 

The similar argument can handle the higher Sobolev norms. 



□ 



The next theorem studies the iP(M, dk) norms of 

oo 

SN{T,k)^ k„(r,fc)|^ 



n=N 

Theorem 5.3. Assume that conditions of the theorem I5.il hold. Then, for any 
2 < p < oo, N > 1, we have 

(T \ 2-2/p , rp \ 1/p 

Jmidt] ljv^{T)dT\ (62) 

Proof. We have 



Sm{T,k)< J \v{t)\ 




/_^ i(27n—l)kT 7_ 

v[r)e ^ ' dr 



Sum these inequalities in m from iV/2 to N. We get 



NSNiT,k) < / max 

_/ m=N/2,...,N 




f(T)e*(2m-l)fer^^ 
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Taking the L^(M, dk) norm of both sides, we have by Minkowski 



In 

\SNh<N-' l\v{t)\\ J2 I lv{T)e^^'^~'^'^dT 



m=N/2 1 



2 \ 1/2 

dk 1 dt 



so 



1/2 



SNh<N-' / \vit)\ / |^;(r)|2dr 



(63) 





The argument similar to the one employed in the proof of lemma 15.11 gives 

\ 2 



n>0 V° 



uniformly in k. Thus, 



Sn\\oo<N- 



\v{t)dt 



\v{t)\dt 



(64) 



Interpolation between and ([M)) gives the statement of the theorem. □ 

Repeating the same arguments for the case when the eigenvalues > 

have multiplicity two, one has 

Theorem 5.4. Let tp{t, 9, k) he the solution to i51]) and q{t, 9) — cos{9)q{t) where 
\Q{t)\ < t"', 7 > 3/4. Then 

1. For a.e. k we have 

sup||7/i(t,6',fc)|l^.(T) < oo, s e Z+ 

t>0 

and 'il){t, 9, k) is real analytic in 9 for any t. 

2. For any finite interval (a, b) not containing zero, 

mt,9,k)rHs,.„.^L^''{aM 



sup 

3. IfSNiT.k) = ||/^„|>jv^(r,0,fc)||2, then 
\\Sn{TM\p<N-^^^^-' { I \q{t)\dt 



(rp \ 2-2/p , rp \ 1/P 

Jmidt] y g'(r)dr , 2<p<cx3 



Consider the model ([54]) with potential V{t, 9) — q{t) cos{n9) where ^ is integer 
and nr^Tl^, Pe [0, 1]. Then, obviously, u(T, 9, k) = (t>{T, fi9, kfi'^T"'^) and 

i(j)t — ik(j)gg + iq{t) cos(0)(/), 0(0, 9) = I 

We have 



/ [ \<i>n{T.k)A dk<N-^T 



-2Tn3-47 
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Taking N ^ TjjL ^, we have 



i \H>T J 



for the original solution (as long as 7 > 3/4). 

The methods developed in this section can handle the case of transport equation 
or equation with the symbol \n\. Some of them are applicable to the general short- 
range potentials V as well. The perturbation arguments at some places are taken 
from [7]. 

In conclusion, we will mention the case for which rather satisfactory results can 
be obtained. Consider the following short range evolution 

ut = kT-"ue + 2iq{t) cos(0)w, u(0) = /(S), 0<t<T (65) 

where < a < 1. Notice that q is not necessarily real- valued but we require 
kl ^5 T^''. We will be interested in the case 7 < (1 + a)/2. 
The scaled solution is 

u{t, e - kT-"t, k) ^ f{e) exp {izQ{k, t) + izQ{~k, t)) 

where ^ 

^ = e'^ Q{k,t)= I q{t) exp{ikT-"t)dt 
Jo 

We have 



max \Q(k,t)\ 
te[o,T] 



< 2.(l+a)/2-7 



so for most fc, 

max \Q(k,t)\ < T^^+°')/^-'y 
te[o,T] 

Take k such that 

max \Q(±k,t)\ < g = fjrj.(i+a)/2-j 

and expand into Taylor series to get 

exp {izQ{k, t) + izQ{—k, t)) — ^ z'a/ 

and 



< 



Notice that 



decays in j as long as I > Q. So, 
where I > dQ. Then, 
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for d large enough. This means exponential localization to the range |/| < dQ (since 
Q is large) for / = 1 and for any other column of the monodromy matrix. Such a 
strong localization result allows us to run a simple perturbation argument. Take 
initial value f{9) = e*-'^ with large positive j. Fix k such that the localization 
property holds and act on (|65p with Riesz projection 

{Pu)t = kT-"'{Pu)g + 2iPq{t) cos{9)Pu + ^ 

where 

iP = 2iPq{t) cos{e)P-^u 
Due to strong localization, we have 

IIVII <T-''2-Q/2 

for each t e [0, T] provided that j > dQ so Pu is an approximate solution to the 
problem 

yt ^ikT-°'\d\y + 2iq{t)P cos 9Py, y(0) = (66) 
Assuming that q is real-valued and using Duhamel formula, we get 

max \\Pu-y\\ < T^~i2'^/'^ 
tG[0,T]" ^" ^ 

In particular, that means maxjgjQ \xQi{t, k)\ < T^-f2^'^^^ for each I : dQ < I <T 
where elements of the monodromy matrix for the problem (j66p . Due to 

symmetry of the monodromy matrix (or time reversal), we have 

T 

max ^ |a;,o(i,A:)|' <T3-272"CT'^ e = (1 + a)/2 - 7 > 

l=dQ 

Since the first column is always localized to the range (0,T^ ''), we obtain its 

localization to the range (0, T^~'''((iT*^"~^^/^)) for most k. By simple scaling, one 
proves that the solution to 

yt^ikT-'\d\y + iqit)Pcoaifie)Py, y(0) = 1, ^i<T (67) 

is localized to [O,ri-T0I] for most k versus [0,T^-''ti\ for aU k. If 7 > 1/2, then 
[0,Ti-^^] C [0,T], as expected. 

6. Appendix 

In this section, we collect rather standard results that we used in the main text. 
The following lemma is well-known 

Lemma 6.1. If f e H^I^{T), then 

Also, this map is continuous on H^/'^(T). 
Proof. We have 

iirii2 = ii/*...*/ii2 

By Holder, 

/ r \ (2-p)/(2p) 
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and by Young's inequality 

||/*...*/||2 < ||/||^„, p„ = 2n(2n-l)-i 

So, 

Iiril2 < (Cn)"/2||/||^,,.(T) 

which yields the necessary bound after application of Stirling's formula. Also, since 
each term in the series is continuous in /, we have continuity of the exponential 
map. □ 

Lemma 6.2. If f e H^/'^{T) and / G R, then 

lie'''' - 1|Ihi/2(t) < ll/lli/i/2(T) 

and the exponential map is continuous in H^/'^{T) metric. 

Proof. We have the following characterization of H^^^ space ([lOl, Propositions 
6.1.10 and 6.1.11) 

l/(^)-/(2/)P 



ii./ii^fi/.(T)~ i/(o)r + 



Since 



and 



l)dx 



< 



T T 



\fix)\dx 



\x-y[ 



-dxdy 



(68) 



fiy) 



^di 



<II/Il2< 11/11 W(T) 



<l/(^)-/(y)l 



we have the first statement of the lemma. The continuity of exponential at zero is 
elementary. Now, assume that ||/„ — /||/fi/2 0. Clearly, 



s'-''" dx 

T 

For the second term in (1681). we have 



e^^ dx 



) = (gi(/„(^)-/W) _ g»(/„(y)-/(y)))gi/(^) 



4_(g*(/..(2/)-/fe)) _ i)(g«/(^) _ e''^'(2')) 
and we just need to show that 

|(e''(/..(y)-/(!/)) _ l)(e*/(^) - e^^'-y^)]'^ 



II 

T T 



\x - 



dxdy 



The function F„{y) = e^^^-f^'^-^^?')' - 1 satisfies |F„| < 2 and ||i^„||i 0. So 
Fn = + Fl such that = F„ • X|f„|<o \FI\ < e and 

\F^\ < 2, |supp(F2)| < e-'J \F^\dx ^ 
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Since e is arbitrary positive number, 




|a;-y|2 



dxdy -^0, n — > oo 



T T 



□ 
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